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Abstract 



We obtain a complete description of the Riesz measures of almost periodic subharmonic 
functions with at most of linear growth on C; as a consequence we get a complete description 
of zero sets for the class of entire functions of exponential type with almost periodic modulus. 

2000 Mathematics Subject Classification: Primary 31A05, Secondary 42A75, 30D15 
Keywords: subharmonic function, almost periodic function, Riesz measure, zero set, entire function 
of exponential type 

Bohr's Theorem (see [2], or [TU] , Ch.6, §1) implies that each almost periodic function^ 
on real axis R with the bounded spectrum is just the restriction to R of an entire almost 
periodic function / of exponential type. Moreover, / has no zeros outside of some strip 
\lm.z\ < H if and only if supremum and infimum of the spectrum / also belongs to the 
spectrum. In [9] (see also |10| . Appendix VI) M.G.Krein and B.Ya. Levin obtained a 
complete description of zeros of functions from the last class. Namely, a set {ak}kez in a 
horizontal strip of a finite width is just the zero set of an entire almost periodic function 
/ of exponential type if and only if the set is almost periodic and has the representation 

a k = dk + tfj(k), k G Z, (1) 

where d is a constant, the function ip(k) is bounded, and the values 

S n = lim £ [ip(k + n) - m]r£-r (2) 

|fc|<r 

are bounded uniformly in n G Z. 

It can be proved that almost periodicity of {a k } yields representation (TjQ) and a finite 
limit in ([2]) for every fixed neZ. Also, one can obtained a complete description of zero 
sets for the class of entire functions of exponential type with almost periodic modulus and 
zeros in horizontal strip of finite width: we should only replace the S n by KeS n . 

Observe that every entire function of exponential type bounded on R has the form 

f( z ) = Ce ivz lim TT ( 1 - — J , v G R (3) 

r-»oo y ak J 

\a k \<r 

([TO]. Ch. 5; for simplicity we suppose G" {ak})', so we have an explicit representation 
for functions from the classes above-mentioned. 



1 Explicit definitions of almost periodicity for functions, measures, and discrete sets see [10], Ch.6 and Appendix 
VI, [11], or §3 of the present paper. 
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Note that one of the authors of the present paper obtained in [5] a complete description 
of zero sets for holomorphic almost periodic functions on a strip and on the plane without 
any growth conditions. An implicit representation for a special case of almost periodic 
holomorphic functions was obtained earlier in [3]. Besides, it was proved in [3] that zero 
sets of holomorphic functions with the almost periodic modulus on a strip (or on the plane) 
are just almost periodic discrete sets. This result is a consequence of more general one: 
every almost periodic measure on a strip is just the Riesz measure of some subharmonic 
almost periodic function on the strip. 

In §3 of our paper we obtain a complete description of the Riesz measures for almost 
periodic subharmonic functions of the normal type with respect to the order 1 (note that 
it is the smallest growth for bounded on R subharmonic function). In particular, we 
consider the case of periodic subharmonic functions. As a consequence, we get a complete 
description of zero sets for the class of entire functions of exponential type with the almost 
periodic modulus without any additional requirements on distributions of zeros. Note that 
representation (pQ) with a bounded function if)(k) is incorrect here, therefore methods of 
paper [9] do not work in our case. The integral representation from [3] creates an almost 
periodic subharmonic function with a given almost periodic Riesz measure, but does not 
allow to control the growth of the function, therefore it isn't fit for our problem as well. 

We make use of a subharmonic analogue of representation 



for functions of the form ([3]) (see [6] or review [7j, p. 45); here n(c,t) is a number of zeros 
in the disc {z : \z — c\ < t}. We obtain this analogue in §2 of our paper. Also, we get 
a complete description of the Riesz measures for bounded on R subharmonic functions 
with at most of linear growth on C. 

Here we base on a subharmonic analogue of ([3]) as well. Of course, this analogue 
can be obtained by repeating all the steps of the proof (j3J) for entire functions in [TO] , 
nevertheless we prefer to give a short proof in §1, using Azarin's theory of limit sets for 
subharmonic functions [I]. The idea of the proof belongs to prof. A.F.Grishin, and the 
authors is very grateful to him. 
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In this section we prove the following theorem: 



Theorem 1 . Let v(z) be a subharmonic function on C such that 




(5) 



and 




(6) 



Then 





\w\<R 
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Here z = x + iy, fi = ^Au is the Riesz measure of v, A\,Ai G M, and the limit exists 
uniformly on compact subsets in C. 

Note that the condition (jSJ) means just v is at most of normal type with respect to the 
order 1. 

Our proof of Theorem 1 based on Azarin's theory of limit sets pQ. Thus, if a subhar- 
monic function v satisfies (J5]), then 

a) the family Vt ( z ) = t- x v(tz), t > 1 is a relatively compact set in the space of 
distributions P'(C); in other words, for every sequence of functions from this family there 
is a subsequence converging to a subharmonic function. 

Note that the convergence in T>'(C) is the weak convergence on all functions from the 
class of infinitely smooth compactly supported functions X>(C); moreover, the class of 
subharmonic functions is closed with respect to this convergence. 

b) If 

= lim v t (z), (8) 
then the Riesz measure /i^ of the function ^ satisfies the equality 

/ioo = lim fi t , (9) 

t— >oo 

where fit(E) = t^nitE) for Borel subsets of C; limits ^ exists in the sense of weak 
convergence on continuous compactly supported functions on C. Moreover, in this case 
there exists 

lim f ^l^oo. (10) 

R^oo J w 
l<\w\<R 

If a subharmonic function satisfies (111) and (E]), then it is called a completely regular 
growth ( with respect to the order 1 ). 

In what follows we need the simple criterion of compactness for family of subharmonic 
functions (see[TJ). 

Lemma A. A family {u a } of subharmonic functions on C is a relatively compact set 
in the space of distributions V'(C) if and only if 

a) sup Q sup zeK u a (z) < oo for all compacta K C C, 

b) inf Q sup zeKo u a (z) > — oo for some compact set K Q C C. 

Also, we need the following variant of Fragmen-Lindelof Theorem. 

Theorem FL. If a function v is subharmonic in a neighborhood of the closure of upper 
half-plain C + = {z = x + iy : y > 0} and satisfies conditions (TJP, then for all z G C + 

v(z) < supv(x) + cr + y, 

with a + = limsup?/ _1 f {iy). 

The proof of this statement is the same as for holomorphic on C + and continuous on 
C+ functions (see, for example, [H], p. 28). 

First let us prove a subharmonic analogue of Cartwright Theorem (the holomorphic 
case see, for example, [10], Ch. V). 
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Theorem 2 . Let a subharmonic function v on C be satisfied (TJP and (|2j). By definition, 
put 

o~± = limsup (11) 

3/— >±oo \y\ 

Then v{z) is a completely regular growth; moreover, the function from |2P has the 
form 

v~(z) = < a -\ y : (12) 

a \y\, y < 0, 

Remark. From Theorem FL it follows that if a subharmonic function v on C satisfies 
the conditions of Theorem 2 with cr + < and o~ < 0, then v is a constant. 

The proof is based on the following lemma 

Lemma 1 . Let u < be a subharmonic function on C + . Then for every R < oo and 
r e (0,R/2) 

^<§r 3 J u{z)dm 2 {z), (13) 

\z-iR\<R 

where C is an absolute constant and m 2 is the plain Lebesque measure. 
Proof 

Since Poisson formula for the disc B{iR/2, R/2) = {z : \z — iR/2\ < R/2}, we have 

u(ir) < -1 [u(iR/2 + e*R/2) {R/2? - {R/2 - rf 

U[tr)S 27T J u ^ K l Z + e KIZ \R/2f + {R/2~rf-R{R/2-r)oo^/2 + e) M - 
o 

Using the inequality u < 0, replace the interval of integration by [it /A, 3-7r/4]. We obtain 

u{ir)<— -- sup u I — I 7y ) 14 

Since for all 9 G [7r/4,37r/4] 

a/2 

B(iR, R/2) c S(ii2/2 + e l6 R/2, (1 + -^-)R/2) c C + , 

we have 

T + 2"" ' " ^(i _ _Z 



\z-iR/2-e ie R/2\<(l+^§-)R/2 



< =- / u(z)dlTl2(z) 

~ nRi{3 + 2V2) J K J K J 

\z-iR\<R/2 

Then replace the average over the disc B{iR, R/2) by the average over the disc B{iR, R). 
So the assertion of the Lemma follows from (1141). 
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Proof of theorem 2. 

Without loss of generality it can be assumed that sup v(x) = 0. Put u(z) = v(z) — cr + y. 



From Theorem FL it follows that u(z) < on C + , then 

hm sup = (J 

j/^+oo y 



(15) 



Fix zq G C + . Let (p, < (p < 1, be an infinite differentiable and compactly supported 
function on C + , depending only on \z — Zq\. Apply Lemma 1 for the function Ut(z) = 
u{tz)t~ x . If suppy) C B(iR,R), then we get 



u(itr) C 



tr 



R 3 



C 



^ m / u t (z)dm 2 (z) < — / u t (z)ip(z)dm 2 (z 



R 3 



\z-iR\<R 



C+ 



Since ( 1T5"j) . we see that for each e > and t > t(e) there is r e (0,R/2) such that 
u(itr) > —etr. We obtain 



u t (z)(p(z)dm 2 (z) > 



eR 3 



c+ 



Hence, 



u t (z)(p(z)dm 2 {z) 



as £ — > oo. 



c+ 



Therefore, t>t(z) = Wt(z) + cr+y — > er+y in the space P'(C + ). Similarly, v t (z) — > —o_y in 
the space "D'(C _ ), where C~ = {z = x + : y < 0}. Each limit function for t>t(z) is 
always subharmonic, therefore we get (fl2"|) . So limit (jSJ) exists. Theorem is proved. 

Consequence. TTie Riesz measure of the limit function 1*00(2) equals 

04- + cr_ , . 
-mi(x), 



2tt 

where ni\ being the Lebesgue measure on R. 

Proof of theorem 1. From Jensen-Privalov formula for subharmonic function, we 
get the estimate for r > 1 

/x(S(0,r)) <dr, (16) 

where constant C\ depends only on v. Using Brelot-Hadamard Theorem for subharmonic 
function (see, for example, [12J), we obtain that there is a harmonic polynomial H(z) of 
degree 1 such that 



z 

1 

w 



v{z) = J log \z — w\djj(w) + J log ^ 
\w\<i M>i 

Denote by v°(z) the first integral in (JT7j) . Since (ITOl) . we get 



Re-)d//H + #(z). (17) 







z 


+ lim 


f log 


1 — 









g^(u>) + A a; + Aiy + v4 2 . 



l<[u>|<R 
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The application of Theorem 2 yields that the function v is a completely regular growth, 
hence the measures [i t converge weakly to the measure 



/'c 



a+ + a. 



-mi. 



(19) 



Let fi' be the restriction of the measure /i to C \ £>(0, 1). Obviously, measures fj,' t weakly 
converge to the measure /z^ as well. Therefore, 



M z ) = v t( z ) + j im 

R— *oo 





z 


1 log 


1 — 




w 



A 2 

d/i t (w) + A x + Aiy + — . 



(20) 



\w\<R 



Pass to a limit in (J201) as t — > oo in the space T>'(C). First, by Theorem 2, the functions 
v t (z) converge to the function Voo(z) from fl^j) . Since t>°(,2) = 0(log |z|) as j^r] — * oo, we 
see that v° t (z) -> 0. By JTSj), we obtain fi' t {B{0,R)) < G X R for all t > 1 and i2 > 0. 
Therefore, we get uniformly in t > 1, 



=2 r ^(B{o, 8 )) dc ih'(r) 

\w\ 2 J s 3 R 2 

\w\>R R 

as -R — > oo. Also, by fflOl) . uniformly in t > 1, R' > R 

J djj! t {w) f djj,{w) 

R<\w\<R' 



0. 



(21) 



w 



w 



(22) 



Rt<\w\<R't 

as R — > oo. For |z| < C and a sufficiently large |w| 





z 




\z\ 2 


log 


1 — 


+ Re- 


< 1 1 




If 


w 


\ w \ 



Therefore, taking into account (T2~T1) and fT22|) . we obtain for all ip e "D(C) uniformly in 
t > 1 

/ . \ 

z 



lim 

R^oo 



log 



1 - 



w 



dnt{w) 



\ \iu\<R 



(p(z)dm 2 (z) 



J 



lim 

R— >oo 




Z 

1 

w 



ip(z)dm 2 (z) d/it'(w) 



(23) 



\w\<R \C 



Note that measure /Xqq does not charge any circle \w\ = R, therefore the restrictions of 
measures Ht{ui) to any disc -8(0, R) weakly converge to the restriction of the measure 
Hoziw). The function f log \z — w\ip(z)dm 2 (z) is continuous in the variable w, so we have 



lim 

t— >oo 



log \z — w\(p(z)dm 2 (z)djj t (w) = J j log \z — w\ip(z)dm 2 (z)djj, 00 (w). (24) 

\w\<R \w\<R 
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By the same reason for each 5 > 



lim 

t— >oo 



log \w\m{w) = y log |w|/ioo(w). 



Furthermore, 



/log H /AM = log* 



fjf(B(0,6t)) f f i'(B(0, st)) 

st 



-ds 



\w\<5 



v^z) = lim 

_R— >oo 

\w\<R 

Take y = 0. Since Voo(x) = and 



J log 











d/i^w) + A x + A x y. 



R—fOo 



1 log 




l- x - 




u 



du = 



(25) 



(26) 



Since fi'(B(0, r)) < Cir for all r > 0, we see that (|26|) tends to zero as 5 — > uniformly 
in * > 1. Combining (j25). pit (123]). and (126]). we get the equality 



for all x G R, we obtain t4 = 0. Now the assertion of Theorem 1 follows from (fT8l) . 



Here we get a complete description of Riesz measures for subharmonic functions with 
at most of linear growth on C (i.e., do not exceed C(\z\ + 1) with C < oo) and with some 
additional conditions (bounded on R or with the compact family of translations along R). 
Holomorphic analogues of the corresponding theorems were obtained earlier one of the 
author in 

First prove some lemmas. 



Lemma 2 . If a measure n on C satisfies the condition 

fi(B(Q, R + l))- fi(B(0, R)) = o(R) asR^oo, 

and the limit 

lim / (log + \z — w\ — log + \w\)dfj,(w) 

i?,^oo J 
\w\<R 

exists at some point z G C, then the limit equals 

oo 

fi(B(0,t)) - fi(B(z,t)) dL 



(27) 
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Proof 

For all z G C and R G (\z\ + 1, oo) we have 



log \z — w\dfi(w) — J log \w\dfj,(w) — (log R)fx(B(z, R))— 

\w\<R \w\<R 



+ J log + \z — w\d/j,(w) — J log + \z — w\dfx(w) 



\w\<R, \w-z\>R 



\w\>R, \w-z\<R 



R 



fi( B(0,t))-fj,(B(z,t)) 
t 



I log 

\w\<R, \w~z\>R 



Z — W 



R 



dt+ 



dfi(w) - J log 

\w\>R, \w-z\<R 



Z — W 



R 



dfi(w). (28) 



If \w\ < R and \z — w\ > R or liyl > R and \z — w\ < R, then we have 



z — w 



R 



< 1 + 



R 



Therefore the integrand functions of last two integrals in (12 8j) are 0(1/ R) as R —>■ oo. 
The domains of integrations are subsets of the ring R — \z\ < \w\ < R + \z\, hence, by 
(1271) . these integrals tends to as R — > oo. Lemma is proved. 



(29) 



Lemma 3 . Let a measure \x be satisfied (EJ), (LW, and and let 



V(z) — lim / (log \z — w\ — log + \w\)dfx(w). 

R.-^oo J 



\w\<R 

Then V is a subharmonic function with Riesz measure fi and 

oo 

pL(B(0,t))-v(B(z,t)) 



V(z) 



t 



for all z G C. Furthermore, the function 



2 71 



V(z) = 7^ / V(z + e M )d6 
Ztt 



dt + J log \z — w\dfj,(w) 

|io— *|<1 



(30) 



(31) 



satisfies the equality 



V(z) 



fi(B(0,t)) - fx(B(z,t)) 



dt. 



(32) 
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Proof 

It follows from (fT6j) that the integral in (fTTj) is a subharmonic function on C with the 
Riesz measure /i; besides, it satisfies ([5]) (see, for example, [12], Ch.l). If, in addition, /x 
satisfies ( JTUI) . then the limit in ( |29l) exists uniformly on bounded sets, and the function 
V coincides with the integral in (|17|) up to a linear term; so it has the same properties as 
well. 

Using the equality L 71 log \ a + e l9 \d9 = 2n log + \a\, we get 



V{z) = lim / (log + \z — w\ — log + \w\)dfi(w). 

R^oo J 

\w\<R 

and V(z) = V(z) + JL z i <:L log \z — w\d[i{w). Then Lemma 2 implies ([52]) and fl30|) . 
Lemma 3 is proved. 

Lemma 4 . Let a subharmonic on C function v be satisfied |3J). Then the family of 
translations {v(z+h)}hm is a relatively compact subset in X>'(C) if and only if the function 



1 



2- 



= — / w ( 2 + e ie )^ (33) 
bounded on R; i/iis function is bounded simultaneously with the function 

v(z) — — I v(z + w)dm2(w) (34) 

'\w\<l 



Proof . If the family {v(z + h)}h£R is a relatively compact subset, then it is uniformly 
bounded from above on compacta in C and the function v is uniformly bounded from 
above on every strip \y\ < H . Then by Lemma A there is a compact subset K of C such 
that 

supv(z + h) > C 2 , WheR. 
Take d > sup^ \z\. Then for each ftgl there is a point z(h), \z(h)\ < d, such that 



1 



(d + l)H 

\w-z(h)\<d+l 



v(w + h)dm 2 {w) > v(z(h) + h) > C 2 — 1. 



Further, we have 

v(w + h)drri2(w) < / v (w + h)dm 2 (w) + (d 2 + 2d)n sup v(z). 



J \y\<d+i 

\w-z(h)\<d+l \w\<l 

Therefore, inf^g^/i) > — oo. Since v{h) > v(h), we see that the functions v and v 
are bounded uniformly from below on R. It is clear that these functions are bounded 
uniformly from above on R as well. 

On the other hand, if v(z) is bounded from below on R, then infh S RSup| w | =1 v(h+w) > 
— oo; if v(h) is bounded from above on R, then v(h) is bounded from above on R as well. 
Since Theorem FL, we see that v(z) is bounded from above on every strip \y\ < H. It 
follows from Lemma A that {v(z + h)} heR is a relatively compact set. Hence v(x) is 
bounded on R. 

Now we can prove the theorems mentioned above. 
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Theorem 3 . For a measure /i on C to be the Riesz measure for some subharmonic 
function satisfying conditions and (OJ) it is necessary and sufficient that the conditions 
(T22P, (T25P, 0, and 

oo 

f u(B(0,t))- u(B(x,t)) , 
sup / PV y ' " — PV v - " dt < oo. (35) 
xeR J t 
l 

be fulfilled. 
Proof 

If a subharmonic function v satisfies ([5]) and ([6]), then, by Theorem 2, its Riesz measure 
H satisfies ( TTUj) and the measures converge to the measure = (a + + cr_)(27r) _1 m 1 . 
The last measure does not charge any circle \w\ = R, therefore implies that 
H(B(0,R)) = CR + o(R) as R oo. Hence we get (USD and (EZJ). By theorem 1, 
f (z) = V(z) + Aiy + A 2 . So the function is also bounded from above on R. Since 
Theorem FL, we see that the same is true for the function V from (|31|) . Now Lemma 3 
implies (135]) . 

Conversely, if a measure /i satisfies ffTOl) . f|T6|) . and fl27j) . then, by Lemma 3, the sub- 
harmonic function V has the Riesz measure /i and satisfies ([5]) and ([6]). Theorem is 
proved. 

Theorem 4 . For a measure fi on C to be the Riesz measure for some subharmonic 
function v with the property |3]) such that the family of translations {v(z + h)}h^R is a 
relatively compact subset in V(C), it is necessary and sufficient that the conditions (Ql 
M), OT, and 



sup 

xeR 



fijB&t)) - »(B(x,t)) dt 



< oo (36) 



be fulfilled. 



Proof . If a function v satisfies ([5]), and the function v from (133|) is bounded on R, then 
f is bounded from above on M. Theorem 3 implies conditions (|10!) . (jT6l) . and (1271) for the 
Riesz measure /i of the function v. By Theorem 1, v equals V from (|3T!) on 1R up to a 
constant term, therefore Lemmas 3 and 4 imply (|36|) . 

Conversely, if a measure /i satisfies ( TTUi) . (TTB|) . (|2T|) . and (|3^1) . then from (12^|) satisfies 
(IS]), and the function V is bounded on R. 

Hence the assertion of Theorem 4 follows from Lemma 4. 

§3 



A continuous function F(z) on a closed strip {z = x + iy : x G R, |y| < i/} with 
> is almost periodic if the family of translations {F(z + h)}heR is a relatively compact 

set with respect to the topology of uniform convergence on the strip; a function is almost 

periodic on an open strip (in particular, on C), if it is almost periodic on every closed 

substrip of a finite width. 

A measure (maybe complex) fi on C is called almost periodic if for any test-function 

ip G V(C) the convolution J (p(w + t)dfi(w) is an almost periodic function in t G R ([TT]). 
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The following statement is valid: 

Theorem R (Theorem 1.8 [11]). For a measure \x to be almost periodic it is necessary 
and sufficient that the following condition be fulfilled: for each sequence {h n } C K there 
exists a subsequence {h' n } such that the convolutions J <p(w + x + h' n )dfj,(w) converge 
uniformly with respect to x G K and functions <p G L, where L being a compact subset in 
P(C). Moreover, for a measure to be almost periodic it is sufficient to check this condition 
only for all single-point sets L C T>(C). 

If we take L = {tp(z + iy)}\ y \<H for some ip G T>(C), we obtain that the convolutions 
J (p(w+z+h' n )dfj,(w) actually converge uniformly on any strip \y\ < H, hence the function 
f ip(w + z)dfj,(w) is almost periodic on C. 

Further, a subharmonic function v on C is called almost periodic, if the measure 
v(z)drri2(z) is almost periodic (see [3J; equivalent definition see [1]). 

It follows from definition that the Riesz measure of an almost periodic subharmonic 
function is also almost periodic. Conversely, each almost periodic measure is the Riesz 
measure of some almost periodic subharmonic function (see [3J, where to be investigated 
the case of a strip as well). Note that the family of translations {v(z+h)}he^ is a relatively 
compact subset of T>'(C) for every almost periodic subharmonic function v on C. Note 
also that each almost periodic subharmonic function is bounded from above on every 
horizontal strip of a finite width (see [3j). 

Here we obtain the following result: 

Theorem 5 . A necessary and sufficient conditions for a measure fi onC to be the Riesz 
measure of some almost periodic subharmonic function at most of linear growth is that 
the measure be almost periodic and satisfied l[Tb)) , (27\ ), and l[3b)) . 

The proof of the theorem bases on the following lemmas. 

Lemma 5 . Suppose subharmonic functions V\(z) andv2(z) on C with the common Riesz 
measure satisfy (TJP and then V\(z) = v 2 (z) + p\ +p 2 y- Further, if 

supfi(x) = supt>2(x) and cr+(i>i) = a+fa), 
where a+ be defined in DJ\) . then v\ = v%- 

Proof The first part follows from Theorem 1, the second one is evident. 

Lemma 6 . Let a subharmonic on C function v be satisfied |3]) and a family {v(z+h)}h^R 
be a relatively compact subset o/P'(C); if v(z + h n ) — > v*(z) in the space T>'{C), then the 
family {v*(z + h)}hm is a relatively compact subset as well and 

supw*(x) < supf(x), (37) 
inf J v*{z)dm 2 {z) > inf J v{z)dm 2 {z) , (38) 

|z-t|<l \z-t\<l 

a+(v*) < a+(v), a_(v*) < cr_(v). (39) 
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Proof Put M = supv(x). By Theorem FL, we get for any e > 

v(z) < M + 2emax{a + (v), ct_(u)}, \y\ < 2s. 

Let ip be a function from X>(C) such that depends only on \z\, if > 0, y?(-2) = f° r 
\ z \ > £j / ip{z)dm2{z) = 1. Then 

(f * <^)(z) < M + 2emax{cr + (t'), cr_(u)}, |y| < e. 

Therefore, 

(f* * </?)(z) < M + 2£max{a + (f ), er_ (?;)}, |y| < e. 

Note that t>* is a subharmonic function, hence (v* * (p)(z) > v*(z). Since e is arbitrary, 
we obtain fl37|) . By the same argument, for all y G K 

sup f * (x + iy ) < sup v (x + iy) . 

Therefore we obtain ((Sj) and (|39|) . 

Further, the functions f (-2 + /i n ) are integrable on every disc and uniformly bounded 
from above, therefore we can replace the convergence of measures v(z + h n )dm2{z) in 
the sense of distributions by the weak convergence of measures. Since the limit measure 
v*(z)dm 2 (z) does not charge any circle, we have 

lim / v(z + h n )dm 2 (z) = / v*{z)dm,2{z) 

rwoo J J 

\z-t\<l \z-t\<l 

for each t £ C Hence we get fl38l) . Taking into account Lemma 4, we see that the family 
{v*(z + h)}hm is a compact subset of T>'(C). Lemma is proved. 

Lemma 7 . Under the conditions of the previous lemma, suppose that the Riesz measure 
ji of the function v(z) is almost periodic. Then inequalities (3l\ ) - [3ty turn into equali- 
ties, the Riesz measure fi* of the function v* (z) becomes almost periodic, and there is a 
subsequence {h n /} such that for every <p £ D(C) 



lim sup 



ip(w — t — h n ')dfi(w) — / ip(w — t)dfi*(w) 



0. (40) 



Proof 

For all if £ P(C) we have 



lim / (p(z — h n )v(z)dm2(z) = lim / ip(z)v(z + h n )dm2(z) = / ip(z)v*(z)dm2(z). 

n-^oo J n—roo J J 

Since fi = (2n)~ 1 Av, we obtain 

lim / ip(z — h n )dfi(z) = / ip(z)dfi*(z). (41) 

rwoo J J 

From Theorem R it follows that there is a subsequence {h n /} such that for any ip £ 
£>(C) the almost periodic functions J f(z — t — h n i)dfi(z) converge to an almost periodic 
function uniformly in t £ M. If we replace z by z—t in f|4T|) . then we get PUI) . Consequently, 
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the function J (p(w — t)dfi*(w) is almost periodic in t G R, and fi* is an almost periodic 
measure. 

Pass to a subsequence again if necessary, we may assume that the functions v*{z— h n ) 
converge in the space T>'(C) to some subharmonic function v**(z) with the Riesz measure 
fi** . Therefore, 

lim / <p(z + h n ')dfj l *(z) — / (p(z)dfi**(z). 

n'^oo J J 

On the other hand, it follows from (HU1) that 



lim 



(p(w)dfi(w) — / (f(w + h n )dfx*(w) 



0. 



Here (p is an arbitrary function from T>(C), hence, fx** = fi. By Lemma 5, we get v**(z) = 
v(z) + D x + D 2 y. 

Since f )37|) is valid for pairs v , v* and v*, v**, we get D\ < 0. Then fl38l) for pairs t> , u* 
and v*, v** implies D\ > 0, and we obtain Di = and the equality in ( |37l) and ( |38l) . By 
the same way, we obtain the equalities in (I31?|) . Lemma is proved. 

Proof of Theorem 5. The necessity follows immediately from Theorem 4. Let us prove 
a sufficiency Suppose fi satisfies the conditions of Theorem 5. Let V be the function 
from f)29p . and let {h n } C R be an arbitrary sequence. It follows from Theorem 4 that 
the family {V(z + h n )} is a relatively compact subset of £>'(C). Therefore we can assume 
without loss of generality that V(z + h n ) —>■ V*(z) in T>'(C). To prove the Theorem, we 
need to check that 



ip(z — t — h n )V(z)dm,2(z) 



<p(z -t)V*(z)dm 2 (z). 



uniformly in t G R for any ip G £>( 

Assume the contrary. Then there is (fo G T>(C), Eq > 0, and {t n } C R such that 



(p (w)V(w + h n + t n )dm 2 {w) - \ (p Q (w)V*(w + t n )dm 2 {w) 



>e 



(42) 



(if necessary we can replace the sequence {h n } by a subsequence). 

We may assume also that V(z + h n + t n ) -> 1/**(z), V*(« + t„) -> V***{z) in X>'(C) 
as n — > oo. By //*, /x**, /x*** denote the Riesz measures of the functions V^*, V^**, V***, 
respectively. Then we have 



lim / <f(w — h n — t n )dfi{w) 



(p(w)dfi**(w) 



(43) 



lim / ip(w — t n )dfi*(w) = / tp(w)dfi***(w) 



(44) 

for any if G V(C). 

On the other hand, the measure fi satisfies (HUj) . Hence the integrals in left-hand sides 
of (dSJ) and (jHD have the same limit, and fi** = fi***. 
By Lemma 7 we obtain 



sup V**(x) = supV(x) = sup V*(x) = supV***(x) 
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and 

a + (V**) = a+(V) = a+(V*) = a + {V***) 
Using Lemma 5, we get V** = V***. This contradicts (H2l) . Theorem 5 is proved. 

Now let d be a divisor in C, i.e., a sequence {a^} C C without finite limit points such 
that each value may appear with a finite multiplicity. A divisor is called almost periodic 
if the discrete measure supported at the points with mass at each point equals the 
multiplicity of the point in the sequence is almost periodic (see [12], [3]; in [3] there is an 
equivalent geometric definition). Moreover, almost periodic divisors are just the divisors 
of entire functional with almost periodic modulus in every substrip {z = x+iy : \y\ < H}. 



Theorem 6 . For a divisor {a^} to be the divisor of an entire function of exponential type 
with the almost periodic modulus, it is necessary and sufficient the following conditions be 
fulfilled: 

a) The divisor is almost periodic, 

b ) there is a finite limit 

lim y — , 
r-^oo *-^< ah 

\a k \<R 

c) n(0,t) = 0{t), 

d) n(0,t + 1) -n(0,t) =o{t), 
e) 

CO 

n(0, t) — n(x, t) 

sup " 



dt 



i 



< oo; 



here n(c,t) = card{A; : — c\ <t}. 

Proof By Theorem 6, conditions a) - e) mean just the existence of an almost periodic 
subharmonic function v at most of linear growth with the Riesz measure supported at 
the points {a^} with mass equals a multiplicity of the point in the sequence. Then 
v(z) = log \f{z)\ for an entire function / of exponential type such that the divisor of / is 
{at}. Since v is an almost periodic, we get that |/| is almost periodic (see [3]). Theorem 
is proved. 

Now we consider the periodic case. 

Theorem 7 . A necessary and sufficient condition for a measure fi on C to be the Riesz 
measure of some periodic subharmonic function with period 1 at most of linear growth is 
the measure be stable with respect to the translation on 1 and 

/j,{z = x + iy : < x < 1, y e R} < oo. (45) 



2 A divisor {at} is the divisor of a holomorphic function / when zeros of / coincide with the values {ak} and 
a multiplicity of every zero equals the multiplicity of corresponding . 
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Proof Let v be a subharmonic function such that v(z + 1) = v(z). It is clear that its 
Riesz measure is stable with respect to the translation on 1. By Theorem 1, it follows 
that n satisfies (ITS]). Using the equality 

\i{z = x + iy : < x < 1, \y\ < n} = —fi{z = x + iy : — n < x < n, \y\ < n}, (46) 

Zi lb 



we get fl45l) . 

Conversely, let /i be stable with respect to the translation on 1 and be satisfied f|45|) . 
Using PET) , we obtain (|T6l) . Then for any r > 



: r < |z| < r + 1} < V} : x G [0, 1), r < |z + n| < r + 1} (47) 

rceZ, |n|<r+l 

Fix 5 G (0, 1). For \n\ < r(l — 5) — 1 we have 

{2; : x G [0, 1), r < |^ + n\ < r + 1} C {z : x G [0, 1), \y\ > r5} 
Hence f )4T|) is majorized by 

2r(l - : x G [0, 1), \y\ > r5} + (25r + h)n{z : x G [0, 1), y G R}. (48) 

It follows from (145^) that for any £ > there exist 5 > and r < 00 such that for r > r 

( BHD is less than r£ - This y ields (EB- 

Further, take i? > r > 1. We have 



dfi(z) 



dfi(z) 



z j z 

r<|z;|<_R r<\[x]+iy\<R 



< 



1 1 

< \i{z : r - 1 < \z\ < r + 1} + — fi{z : - 1 < \z\ < R + 1}; 

r — 1 it — 1 



(49) 



where [x] being the integral part of a real x. By ( 1271) . the right-hand side of ( 149|) tends to 
zero as r — > 00. Then we obtain 



z + n 



r<\[x\+iy\<R 



dfi(z) j dfi(z) 

neZ:\n\<R xmi)!r<n+iyl<R 

z + n 



E 



xe[0,l), ym neZ:r<\n+iy\<R 

Now for any x G [0, 1), y G 1R we have 



\z + ral 2 



dfi(z) 



(50) 



E 



2 



neZ: |n+iy|>r 



\z + n\ 



< 



E 



1 + \y\ 



E 



1 + \y\ 



1^2 _|_ ^2 

™eNU{0} : n 2 >r 2 ~y 2 ' nEN: n 2 >r 2 -y 2 



(n-l) 2 + y 2 



< 



< 2 



jM _|_ 



(51) 



max{0,r 2 - y 2 } 
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here Xr(y) is a characteristic function of interval (y/r 2 — 1, oo). Besides, 



y n = y 

n&L: r<\n+iy\<R neN: r<\n+iy\<R 

*2ti 2 x (52) 
„ ,, i( n — x) 2 + y 2 )((n + x) 2 + y 2 ) 

It is easy to see that the right-hand side of (1521) is also majorized by (I5"T|) . Both terms 
monotonically decrease to as r — >• oo, hence floU]) tends to as r — >• oo uniformly in R. 
It follows from (SHD and §DD that is valid. Finally, by <^2> and ([32D, the integral 



is bounded for z = x G [0, 1]. Since /i is stable with respect to the translation on 1, we 
get (1361) . Now the assertion of Theorem 7 follows from Theorem 5. 

Consequence. A necessary and sufficient conditions for a divisor {a^} to be the 
divisor of an entire periodic (with period 1) function of exponential type bounded on real 
axis is that the divisor be periodic with period 1 and its restriction to the strip {z : < 
x < 1, y G 1R} be finite. 

In this case the corresponding function is a finite product of elementary functions 
— cos27r(z — 7fc) with Re7fc G [0, 1); it is unique up to a multiplier Ce tuz , v G R. 
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